The inverse amplitude method has previously been successfully applied to ππ scattering in order to extend the range of applicability of chiral perturbation theory. However, in order to take the chiral zeros into account systematically, the previous derivation of the inverse amplitude method has to be modified. It is shown how this can be done to both one and two loops in the chiral expansion. In the physical region, the inclusion of these chiral zeros has very little significance, whereas they become essential in the sub-threshold region. Crossing is found to be satisfied very well indeed with the inverse amplitude method to two loops, whereas the violation of crossing is somewhat larger in the one-loop approximation.
I. INTRODUCTION
During the past decade the effective field theory of QCD, called chiral perturbation theory (ChPT) [1] [2] [3] , has become a very successful methodology for low-energy hadron physics. Within this methodology, the interactions between the low-lying pseudoscalar mesons are obtained as a systematic expansion in powers of external momenta and light quark masses, or equivalently in the number of loops. At each order in this expansion one has to introduce a number of low-energy constants, which have to be determined phenomenologically. Since the low-energy constants are known rather accurately to one-loop order [2, 4] , ChPT has been extensively analysed to this order with remarkable success. However, two-loop corrections are important in order both to improve the accuracy of the predictions and to extend the applicability of ChPT to somewhat higher energies. Unfortunately, such two-loop calculations are not only rather laborious but also involve further low-energy constants, which have to be determined in order to obtain finite predictions. Therefore, ChPT has until now only been applied up to two loops in a rather limited number of cases.
Since ChPT is a perturbative expansion, unitarity is only satisfied perturbatively order by order in the chiral expansion. This works quite well at low energies, whereas at somewhat higher energies ChPT to a given order begins to deviate significantly from exact unitarity. Therefore, unitarity restricts the applicability of ChPT to the low-energy region. However, it is possible to combine unitarity with the chiral expansion in order to substantially extend the range of applicability of ChPT. A rather general and systematic way of doing this is by the inverse amplitude method (IAM), which has been extensively analysed to one-loop order in the chiral expansion [5, 6] . This has shown that the IAM is indeed a powerful method to extend the range of applicability of one-loop ChPT. However, the IAM is not restricted to the one-loop approximation but can in general be applied to any given order in the chiral expansion. This has recently been discussed in Ref. [7] where the IAM was applied to twoloop order in the case of ππ scattering and the pion form factors. This shows how the IAM is improved at each order in the chiral expansion, which suggests that it is indeed a systematic way of improving ChPT.
However, there has recently been some concern about the applicability of the IAM when there are zeros in the amplitudes [8] . This is the case for ππ scattering where chiral dynamics demand that the S waves have zeros below threshold, whereas P and higher partial waves have fixed kinematical zeros at threshold. In these cases one has to be careful and the rather simple derivation of the IAM in Refs. [5] [6] [7] has to be somewhat modified. In this paper it is shown how the IAM in the case of ππ scattering can be generalized to systematically account for the chiral zeros at each order in the chiral expansion. In Sect. II the IAM is derived taking the chiral zeros into account, in Sect. III the importance of these zeros is discussed, and the conclusions are given in Sect. IV.
II. INVERSE AMPLITUDE METHOD AND CHIRAL ZEROS
In the elastic region 4M 2 π < s < 16M 2 π the ππ partial waves satisfy the following elastic unitarity relation
where s is the square of the c.m. energy, I and l are isospin and angular momentum indices, and σ is the phase-space factor. Since the first important inelastic effect is due to the KK intermediate state, the elastic unitarity relation (1) is in practice useful up to the KK threshold. In ChPT, the elastic ππ scattering amplitude is now known to two loops in the chiral expansion [9, 10] . The corresponding partial waves are given by the following expansion
where t (0) is the lowest order result, t (1) is the one-loop correction, and t (2) the additional twoloop correction. These partial waves satisfy the elastic unitarity relation (1) perturbatively
As already pointed out in the introduction perturbative unitarity works quite well at low energies, whereas the deviation from exact unitarity becomes more pronounced at higher energies. For two-loop ChPT the deviation from exact unitarity begins to be significant above approximately 0.5 GeV [7] . This implies that two-loop ChPT should only be trusted up to this energy, whereas the energy range for one-loop ChPT is somewhat smaller. However, the range of applicability of ChPT can be extended substantially by the use of the IAM [5] [6] [7] . The starting point for this method is to write down a dispersion relation for the function Γ = t (0) 2 /t. In this case the elastic unitarity relation gives ImΓ = −σt (0) 2 , i.e., the right cut in the dispersion relation for Γ can be computed exactly. The same is not true for the left cut and subtraction constants, but these may both be calculated to a given order in the chiral expansion. Writing down a corresponding dispersion relation for ChPT using perturbative unitarity on the right cut, it is possible to express the partial waves as Padé approximants to the truncation of the chiral expansion (2) . More precisely, the above derivation is only valid for the lowest S and P partial waves since the lowest order result t (0) vanishes for the higher partial waves. However, by writing down a dispersion relation for the function t (1) 2 /t, the derivation of the IAM for these higher partial waves is straightforward. This has been discussed in greater detail in Ref. [7] .
Since the important elastic unitarity cut is computed exactly in the IAM, whereas it is only computed perturbatively in ChPT, it is clear that the IAM should improve the behaviour of ChPT. Furthermore, because the other parts in the dispersion relation for the IAM are calculated to a given order in the chiral expansion, one might regard the IAM as the most natural and systematic way of imposing the unitarity restriction onto ChPT. However, the above derivation of the IAM is based upon the assumption that the zero in the physical partial wave is at the same position as for t (0) in the case of the S and P waves, and at the same position as for t (1) in the case of the higher partial waves. In fact, this assumption is true for the P and higher partial waves, which have fixed kinematical zeros at threshold. For the S waves the chiral expansion implies that the zeros are below threshold and rather close to the position given by t (0) . Therefore, the assumption upon which the above derivation of the IAM is based should also be rather good for the S waves, but in this case it is of course not known to be true a priori.
Thus, the derivation of the IAM should be somewhat modified in the case of the S waves in order to account more systematically for the occurrence of the chiral zeros. For simplicity the following derivation of this generalized IAM is restricted to the elastic approximation, since the possible inclusion of inelasticities in the IAM has been discussed elsewhere [7] . The starting point for the generalized IAM is to modify the function Γ and now write it as Γ = (t (0) + ǫ) 2 /t. The ǫ parameter parametrize the change in the position of the zero in the physical partial wave t away from the lowest order result, i.e., ǫ is determined by the equation
where s z is the position of the zero in the physical partial wave. Of course, the precise value of s z and therefore also the value of ǫ is unknown, but they may both be approximated by the use of the chiral expansion, which should apply unambiguously in the sub-threshold region. Unfortunately, the zero in the chiral expansion can only be found analytically to lowest order. However, the zero may be determined very accurately to a given order in the chiral expansion by solving the equation
z is the position of the zero in the lowest order result t (0) . This has been checked to work very well indeed for both one and two-loop ChPT. Therefore, comparing with Eq. (4) one finds that ǫ may be expanded in ChPT as
where
Having expanded ǫ in ChPT it is now possible to obtain the function Γ to a given order in the chiral expansion. To two loops one finds that the result Γ (2) is given by
This expression for Γ (2) is well-defined at s
z where it coincides with the truncation of the chiral expansion (2) . In fact, it is analytic in the whole complex s plane with cuts for −∞ < s < 0 and 4M 2 π < s < ∞. Therefore, it is possible to write down a dispersion relation for Γ (2) with four subtractions in order to ensure the convergences of the integrals. For the right cut perturbative unitarity (3) gives ImΓ (2) = −σ(t (0) 2 + 2ǫ (1) t (0) ), whereas the left cut is simply given by ImΓ (2) . Denoting the subtraction constants by a 0 , a 1 , a 2 , and a 3 the following dispersion relation is obtained for Γ (2) 
Turning to the original function Γ = (t (0) +ǫ) 2 /t, it is known from the fundamental principles of S-matrix theory that the physical ππ partial wave t is analytic in the complex s plane with a right cut for 4M 2 π < s < ∞ and a left cut for −∞ < s < 0. Assuming that the only zero in t is the one below threshold given by ChPT, the function Γ is also analytic in the whole complex s plane with the same cut structure as t. It is therefore possible to write down a dispersion relation for Γ in the same way as has been done for Γ (2) . However, in this case exact unitarity is used to compute the right cut, i.e., Eq. (1) gives ImΓ = −σ(
Since the precise value of ǫ is unknown, the terms involving ǫ have to be expanded in ChPT using Eq. (5). This gives ImΓ = −σ(t (0) 2 + 2ǫ (1) t (0) ) to two loops in the chiral expansion, which is used for the right cut in the dispersion relation for Γ. The left cut and the subtraction constants cannot be computed in the same way, so the best and most systematic way of determining these contributions is by expanding the function Γ in ChPT. This gives Eq. (7) to two loops, so the left cut and subtraction constants in the dispersion relation for Γ are the same as for Γ (2) . Thus, the following dispersion relation is obtained for Γ
From this relation it is possible to determine the position of the zero in t by setting the right hand side equal to zero and solving for s. Therefore, one can determine ǫ from Eq. (4) with a result that should of course be close to the value obtained from the chiral expansion to two loops (5). In fact, comparing Eq. (9) with Eq. (8) one finds that the right hand side in (9) is given by Γ (2) , so the final result for the partial wave t can be written in the form
This is the result of the IAM to two loops generalized in order to systematically take into account the occurrence of the chiral zeros. In deriving this form, exact unitarity was used in order to compute the important right hand cut, whereas ChPT only computes this part perturbatively. However, since ǫ has been expanded in ChPT, the form (10) will only satisfy unitarity exactly up to two loops in (t (0) + ǫ) 2 . Nevertheless, the form (10) is expected to satisfy unitarity extremely well due to the smallness of the higher order contributions. With the assumption that ǫ to all orders in ChPT is exactly zero, one finds that Eq. (10) coincides with the [0,2] Padé approximant previously derived in Ref. [7] . In fact, this assumption is true for the P partial wave so in this case the generalized IAM coincides with the previously obtained result of the IAM.
The generalized IAM can in general be applied to any given order in the chiral expansion and therefore also to the one-loop approximation. In this case the function Γ is expanded to one loop with a result Γ (1) given by
This result can be written as a dispersion relation, where perturbative unitarity (3) gives ImΓ (1) = −σt (0) 2 on the right cut. Turning to the function Γ this can also be expressed in terms of a dispersion relation. In this case exact unitarity (1) gives ImΓ = −σt (0) 2 on the right cut, where the terms involving ǫ have been neglected to one-loop order since they are of higher order in ChPT. Evaluating the left cut and the subtraction constants to one loop in the chiral expansion, one finds that the dispersion relation for Γ is similar to the one for Γ (1) . Therefore, the generalized IAM to one loop gives the partial waves in the form
Since ǫ is determined by Eq. (4) with s z given by the position of the zero in Γ (1) , the form (12) is well-defined at the position of the chiral zero. Neglecting the ǫ terms one finds the [0,1] Padé approximant, which has previously been extensively analysed. The form (12) will satisfy unitarity exactly up to one-loop order in (t (0) + ǫ) 2 , which should work very well. Nevertheless, it is also clear that the generalized IAM to two loops (10) should improve the unitarity behaviour of (12) . Furthermore, since the left cut and subtraction constants in the derivation of Eq. (12) have only been determined to one loop, whereas they were determined to two loops in the derivation of Eq. (10), it is obvious that the generalized IAM to two loops in general improves the one-loop approximation.
The above discussion has been limited to the systematic inclusion of the chiral subthreshold zeros in the IAM. However, the ππ partial waves may have other zeros which then have to be explicitly included in the derivation of the IAM. However, since it is not known a priori whether such zeros do occur, the further generalization of the IAM to include this possibility will not be discussed. Moreover, the IAM should only be regarded as a natural and systematic way of imposing the unitarity restriction onto ChPT, and should as such only be trusted up to moderate energies. Therefore, possible zeros far from the region of applicability of the IAM can be safely neglected since they will not influence the IAM in the region where this method can be trusted.
III. THE IMPORTANCE OF THE CHIRAL ZEROS
ChPT depends on the pion mass M π and the pion decay constant F π , which are set equal to M π = 139.6 MeV and F π = 92.4 MeV, respectively. In addition, the chiral expansion is given in terms of a number of low-energy constants, which have to be determined before it is possible to obtain numerical results for the IAM. The low-energy constants occuring in the IAM to one and two loops have previously been determined without taking the chiral zeros into account [7] . Some of these were determined by fitting the experimental phase shifts δ 0 0 and δ 2 0 and fixing the ρ(770) resonance in the P partial wave. The remaining low-energy constants were determined either by the standard one-loop values [2] or estimated mainly by resonance contributions [10, 11] . Further details and the numerical values of the obtained low-energy constants can be found in Ref. [7] . Thus, in order to show how important the inclusion of the chiral zeros is, the same values of the low-energy constants are also used in the generalized IAM to one and two loops. With these low-energy constants fixed, the parameter ǫ in the generalized IAM to one and two loops is determined with results that are indeed close to the chiral expansion of ǫ to one and two loops, respectively.
Having fixed all the parameters in the generalized IAM one can compare this method directly with the experimental data. In Fig. 1 the generalized IAM to one and two loops is compared to the experimental phase shift δ 0 0 up to √ s = 1 GeV. In this channel inelastic effects become essential around the KK threshold. Thus, it is observed that the generalized IAM to two loops agrees rather well with the experimental data up to energies where inelasticities become significant. As for the generalized IAM to one loop, this describes the data well only up to approximately 0.7 GeV. In Fig. 2 the generalized IAM to one and two loops is compared to the experimental phase shifts δ 2 0 up to √ s = 1.4 GeV. In this channel the most important inelastic effect is due to the four pion intermediate state, which should begin to be significant somewhat above 1.2 GeV. Thus, for this channel the generalized IAM to two loops also agrees well with the experimental data up to energies where inelasticities should become important. As for the generalized IAM to one loop, this too agrees well with the data up to rather high energies. For completeness, in Fig. 3 the generalized IAM to one and two loops are compared to the experimental phase shifts δ 1 1 up to √ s = 1.4 GeV. In this case, however, the generalized IAM gives the previously derived Padé approximants [7] since it is known that ǫ vanishes for the P partial wave. This channel is dominated by the ρ(770) resonance, which was used to determine one of the low-energy constants in the IAM. Therefore, the IAM reproduces the position of this resonance, but in fact it also agrees well with the experimental data rather far away from the resonance position. In this channel the IAM to two loops improves the IAM to one loop for energies above approximately 1 GeV, but at these energies inelasticities should also begin to be important. The corresponding figures for the IAM without taking the occurrence of the chiral zeros in the S waves into account are given in Ref. [7] . Comparing Figs. 1 and 2 with the corresponding ones in Ref. [7] , one finds that they are practically identical. The differences are indeed very small and therefore not seen in the figures. This implies that the inclusion of the chiral zeros has almost no effect on the IAM in the physical region, which has also been commonly assumed. Furthermore, since the Padé approximants of Ref. [7] satisfy unitarity exactly, the generalized IAM for the S waves should also satisfy unitarity very well. In fact, the violation of unitarity due to the chiral expansion of ǫ is indeed very small. Moreover, as it should be, the generalized IAM to two loops also improves the unitarity behaviour of the generalized IAM to one loop.
The inclusion of the chiral zeros should of course become more and more important as one gets closer to the position of these zeros. Therefore, in the physical region the inclusion of these zeros is most significant at threshold. In Table I the scattering lengths a I l and slope parameters b I l are shown for the S waves in the case of the generalized IAM to one and two loops. For comparison, the results for the IAM without the inclusion of chiral zeros are also given [7] . It is seen that the inclusion of the chiral zeros is of very little importance for both channels. Still, the effect is largest in the I = 0 channel due to the strong finalstate interaction, which makes the position of the zero somewhat more dependent on the higher order contributions. One also notice that the explicit inclusion of the chiral zeros is somewhat more important in the one-loop approximation as compared to the two-loop approximation, where the results are almost unchanged. In all cases the obtained threshold parameters agree rather well with the experimental data, which unfortunately are not very conclusive.
In Figs. 4 and 5 the I = 0 and I = 2 S waves are shown in the regions around the position of the zeros in the lowest order results t (0) . This is at s/M 2 π = 0.5 for the I = 0 wave and at s/M 2 π = 2 for the I = 2 wave. In these regions it is of course essential to include the chiral zeros in the IAM. This is seen in the figures where the generalized IAM to both one and two loops indeed generates the chiral zeros. For the I = 0 partial wave, the position of the zero is somewhat different compared to the lowest order result, which is due to the strong final-state interaction in this channel. As for the IAM without the inclusion of chiral zeros, this method clearly fails in the regions around the zeros. Nevertheless, it is also observed that without the inclusion of these zeros, the IAM to two loops in general improves the behaviour of the one-loop approximation.
Finally, some remarks about crossing symmetry are appropriate. Of course ChPT satisfies this symmetry exactly, whereas the same is not necessarily true in the case of the IAM. Therefore, it would be interesting to know how well the IAM actually satisfies crossing. In order to do this one needs to express the consequences of crossing in terms of a finite number of partial waves. This in indeed possible in the sub-threshold region where one has so-called crossing sum rules [19] . These sum rules provide a necessary and sufficient set of conditions for crossing. There are five sum rules involving only S and P partial waves, which might be written generically as
where the α are constants. The explicit forms of these crossing sum rules are given in the appendix in Ref. [8] . In order to evaluate how well crossing is satisfied, the following measure is used
Since the crossing sum rules involve the partial waves in the sub-threshold region, the inclusion of the chiral zeros in the IAM is essential. Therefore, the measure (14) is only evaluated for the generalized IAM with the results given in Table II . From this table it is observed that the generalized IAM to two loops significantly improves the crossing symmetry of the generalized IAM to one loop. In fact, crossing is satisfied very well indeed in the two-loop approach, the violation being less than 0.2% in all cases. For the one-loop approximation the violation is larger but still less than 1.3% in all cases.
As already pointed out in Ref. [8] one might also use these crossing sum rules to restrict the values of the low-energy constants occuring in the IAM. This could be useful in the one-loop approximation where the violation of crossing is somewhat large, but is probably less useful in the two-loop approximation where crossing is already satisfied very well indeed. In any case, in order to determine more accurately the low-energy constants in the IAM to both one and two loops, this method should also be applied to other processes.
IV. CONCLUSIONS
The IAM has previously been successfully applied in order to extend the range of applicability of ChPT. However, the earlier derivation of the IAM has to be somewhat modified when there are zeros in the amplitudes. This is the case for ππ scattering where chiral dynamics demand that the S waves have zeros below threshold. It has been shown how the IAM in this case can be generalized in order to take these zeros into account systematically. In the physical region one finds that the inclusion of the chiral zeros has very little significance, which justify the previous neglect of these zeros. However, below threshold it becomes essential to include the chiral zeros in the derivation of the IAM. Furthermore, the crossing symmetry of the IAM is investigated by the use of sub-threshold crossing sum rules where the inclusion of the chiral zeros also becomes essential. It is found that the generalized IAM to two loops satisfies crossing symmetry very well indeed, whereas the violation of crossing is somewhat larger for the one-loop approximation.
The derivation of the IAM is based upon the use of dispersion relations. In these dispersion relations exact unitarity is used in order to compute the important right cut, whereas ChPT only uses perturbative unitarity to evaluate this cut. All other contributions including possible chiral zeros are computed to a given order in the chiral expansion. This suggests that the IAM is the most natural and systematic way of imposing the unitarity restriction onto ChPT. Indeed, in the case of ππ scattering, the IAM applied to two loops improves the IAM to one loop, and both successfully extend the range of applicability of ChPT. Fig. 1 and the experimental data are from Ref. [16] (circles) and Ref. [17] (squares). Fig. 1 and the experimental data are from Ref. [13] (squares), Ref. [14] (diamonds), and Ref. [15] (triangles). 
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